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Abstract 

We make an estimate of the quadratic correction based on gauge/string duality. Like in 
QCD, it proves to be negative and proportional to the string tension. 
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1 Introduction 

As is well known, the QCD analysis of the two current correlator results in 

i J (fx e iqx (TJ^(x)J u (0) > = (q^q u - rj^q 2 ) Il(q 2 ) , (1) 

q q n>2 q 



with 

,n i i ,, 

hn) ■ (2) 



Here n^ v is a four-dimensional Minkowski metric, q ■ x = q^x^, and N is some normalization 
factor. We take = diag(— 1, 1, 1, 1) to connect with standard string calculations. 

According to 1 , Co is a coefficient that can be calculated perturbatively in a s . So, it is of 
the form Co = 1 + ^2 n >\ B n a™(q 2 ). The non-perturbative effects are generated by local gauge 
invariant operators whose dimensions D are larger or equal four. For example, the D = 4 
operators built from the quark and gluon fields are simply O^ 1 = qMq and Of = a s G 2 . It is 
clear that in such an approach the existence of the quadratic correction ^-C2 is puzzling. Later 
0, this issue got intensively discussed in the literature. In particular, there are estimates of the 
quadratic correction based on the data for the e + e~ total cross section that provide the upper 
bound [H] 

|C 2 | <0.14GeV 2 . (3) 

One of the implications of the AdS/CFT correspondence is that it resumed interest in finding 
a string description of strong interactions. For the case of interest, let us briefly mention two 
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approaches. In the first, usually called AdS/QCD, one starts from a five-dimensional effective 
field theory somehow motivated by string theory and tries to fit it to QCD as much as possible. 
Such an approach yields the leading asymptotic piece Cq |I] and even condensates of the operators 
with D > 4 0. In the second, usually called gauge/string duality, one tries to keep the underlying 
string structure. As a result, the theory is ten dimensional and its reductions to five dimensions 
in general contain additional higher derivative terms (a 1 corrections). 1 In the approximation of 
this approach also yields the leading asymptotic piece Cq [Zj. 

In this note we address the issue of the quadratic correction within the simplified model of 
Ej • We compute them by following the strategy of first quantized string theory. To this 
end, we build the corresponding vertex operators. Then, we define the correlator of two vector 
currents as an expectation value of the vertex operators. We also adopt the geometric approach 
to condensates introduced in jSJ. Our aim is to estimate the correction and compare the result 
with that of QCD. 

Before proceeding to the detailed analysis, let us set the basic framework. We consider the 
following background metric 

ds 2 = ^-hfri^dx^dx" + dr 2 ^j + g ab du a duj b , h = e"^ 2 , (4) 

where uj a are coordinates of some five dimensional compact space X. In the region of small r 
the metric behaves asymptotically as AdS$ x X, as expected. We take a constant dilaton and, 
unfortunately, discard all possible RR backgrounds (if any). 

As known, full control of superstring theory on curved backgrounds even like AdSs is beyond 
our grasp at present. We are forced therefore to look for a plausible approximation. The simplest 
possible one is that of The idea is to discard nonzero modes of sigma model fields r and ui a . 2 
As a result, the X's only contribute to the kinetic terms of the worldsheet action which is of the 
form 

S = — !— f d 2 zd 2 6r lilv DX.^DX u , a r = a'Ch' 1 . (5) 
47ra r Jy, 

Here X is a two-dimensional superfield and £ is a two-dimensional Riemann surface. 3 
Finally, a couple of remarks are in order: 

First, the action (J5J) formally looks like that in flat space. So, it is conformally invariant. The 
point is, however, that the string parameter is now a variable and, as a consequence, the theory 
behaves differently. 

Second, even such a simplified approximation contains a 1 corrections and remnants of the 
compact space X. 

2 Estimate of the Quadratic Correction 

As a warmup, let us fix the parameter c. A possible way to do so is to consider meson operators. 
As usual in first quantized string theory, we should look for the corresponding vertex operators. 

1 These corrections are of order -4-. Thus, they might be relevant at N c = 3. 

X, r and u> are taken to be sigma model fields on a string worldsheet. x, r and ui are their zero modes, 
respectively. 

3 We use the superspace notations of [Sj- 
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According to [7j , these are of the form 

0(£,p)=<f dzd0£'DXV p (X,r,u>), (6) 

where ^ is a polarization vector. denotes a worldsheet boundary. fy p is a solution to the 
linearized ten-dimensional Yang- Mills equations in the background We choose the simplest 
possible solution that is ^ p = e ip " x, 0(r) with ij) being a solution to the following equation 4 

r V - r (1 + ±cr 2 ) V' + mVfy = , (7) 

where m 2 = — p ■ p. A prime denotes a derivative with respect to r. 

It is easy to reduce Eq.Q to Laguerre differential equation whose solutions are given by 
Laguerre polynomials L^. For 

m 2 = cn , (8) 

we get 

Mr) = cr 2 ^ (\cr 2 ) , with n = 1, 2, . . . . (9) 

Since the mass of the n-th state is proportional to y/n, it seems natural to interpret the vertex 
operators © as those of p(m n ) mesons. If so, then the value of c is of order [0] 

c«0.9GeV 2 . (10) 

We close the discussion of the meson operators with a few short comments: 

(i) The comparison of the mass formula (jSJ) with the real meson masses shows a better fit for 
large n. 5 Evidently the parameter c is proportional to the string tension. 

(ii) By contrast, the metric used in |S] to reproduce the operators with D > 4 doesn't lead to a 
simple equation yielding the exact mass formula. 

(iii) It is worth mentioning that the mass formula (jHJ) has been derived in the AdS5 background 
with a non-constant dilaton $ |lUj 

h=l, $(r) = icr 2 . (11) 

This background is indeed equivalent to ours as long as one deals with quadratic terms like F 2 
in 5-dimensional effective actions because the Weyl rescaling of the metric transforms one into 
another. In the generic case, the equivalence is broken by higher order terms in the field strength 
or by scalar fields. 

Having fixed the value of the parameter c, let us make an estimate of the quadratic correction. 
To this end, we compute the two current correlator. 

We start with a vertex operator construction for the vector currents. In the spirit of 0, we 
can take the operators to be 

J^( q )=(f dzdODX. IJ 'il! q (X,r,u), (12) 

JdT, 

4 Since we discard the nonzero modes of r and uj, we set the corresponding YM connections to be zero. Moreover, 
in such an approximation there is gauge invariance — > + c^A. It is fixed by d ■ A — 0. 

5 In fact, starting from n — 3 the agreement is better than 10%. 



3 



with the simplest possible form for which is e l9 ' x V>(r). Again, tp is a solution to a differential 



2 _ „2 



equation. This equation is given by © with m 

Next, we define the correlator as an expectation value of the vertex operators. In doing so, 
we choose a unit disk as the worldsheet. Using the result of [7_, it is easy to write down the 
following expression 6 

Mq 2 ^ = -2 J dz J dth^^' + Qt^ 2 h- 1 G(z)^jexp^t 2 h- 1 G(z)Y (13) 

\ +2 / 

where t = qr, q = yjq ■ q, h = e~2 , \ = and g = j^. G(z) denotes a restriction of the 
scalar Green function on the boundary. 7 Note that it excludes the zero mode contribution. 

Before continuing our discussion, we pause here to take a closer look at (|13[) . A natural ques- 
tion to ask is to what extent this expression can be used as a basis for providing the C2 n 's. First, 
having restricted ourselves to the disk topology, we perhaps discard perturbative a s corrections. 8 
Second, in the approximation under consideration the integrand of (|12|) is not a dimension one 
half operator for generic q. As follows from Q, its dimension is given by A = ^ + 0(a v q 2 ). It is 
clear that the problem is due to exclusion of the nonzero modes of r. Thus, it seems reasonable 
to restrict ourselves in ()13|) to a few leading terms in q. Finally, G(z) is singular at z = 0. To 
deal with this divergence, we regulate the Green function as \V2\ 

G(z)=2^2- cos2vrnz, (14) 

n=l n 

where e is some parameter. 

Expanding in q and keeping only the constant and linear terms, we find 

7-TT pOQ 

Mq 2 ^ = -2 / dthiW. (15) 
dq 2 Jo 

Note that the linear term vanishes as a consequence of Jo dz G(z) = 0. 

Now the coefficients Cm can be read off from (|15|) . For the case of interest, we have 

C = l, C 2 = -|c. (16) 

For completeness, we have included a calculation of ()16|) in the appendix. 
Finally, we substitute (|TT)|) into (jTT)|) and obtain the following estimate 

C 2 «-0.3GeV 2 . (17) 

This is our main result. The sign of C2 is precisely as in QCD but the absolute value is at least 
twice bigger than the upper bound ©. 

We normalize the vertex operators 112H in such a way to fit ©. 
7 As follows from @, it is given by (X' J (z)X I/ (0)> = a rV ^G(z). 

8 The line of thought that perturbation theory at hand is a topological expansion was pursued in jlll I7|. 
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3 Concluding Comments 



(i) Having derived the mass formula (jHJ), it seems to be time to estimate the Regge parameters. 
As noted above, this formula is more or less appropriate for n > 3. Assuming that all the 
trajectories of interest are parallel P3|, we get for the intercepts 

a n (0)*-^n, n = 3,4,..., (18) 

where a is the string tension. 

As noted earlier, the mass formula is in considerable disagreement with the p trajectory 
(n = 1). This means that the background we used is not exactly the desired string dual to QCD 
and we should look for a further refinement of it. From this point of view the disagreement 
between our estimate and QCD is not a big surprise. 

(ii) Here we used the model with the slightly deformed AdSs metric. It is clear that this is not 
the only option. For example, the other line of thought is to deform the dilaton JU]. 9 What 
really fits better to QCD remains to be seen. 

(iii) Interestingly enough, it was argued by Zakharov that C2 represents the stringy effect |15j . 
This fact being far from obvious in QCD is manifest in our framework. 
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Appendix 

In this appendix we present a calculation of (|16|) . 

Having derived the integral representation (|15|) . we can analyze its expansion in A that is 
nothing else but the expansion ©. For the coefficients of interest, we have 

Co = -Vo 

Here we have expanded if) as a series in powers A such that ip = Xm^^™ - ^™' Notice that the 
ipnS obey a set of differential equations. In particular, ip$ and ipi are determined from 

U/>q - V>o - Wo = , #1 - rp[ - #! = ±fVo • (A.2) 

We also impose the following boundary conditions V'(O) = 1 and ip(oo) = that in one turn 
provide 

^ (0) = 1, Vn(0) = 0, for n>l, ip n (cc) = , Vn. (A.3) 

9 Perhaps, both the models look oversimplified but they might be useful in gaining some intuition about the 
problem, while full control of superstring theory on curved backgrounds is missing. 



t=0 



C2 = \c (tVg - 8^1) 



t=0 



dt tipQ , 



(A.l) 
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Given the boundary conditions, the appropriate solutions to (IA.2|) are simply given by 

Mt) = m(t) , Mt) = i^iW • (a.4) 

The remaining integral may be found in tables [T^]. It is given by 

oo 

dtt 3 Kf(t) = | . (A.5) 

o 

So finally, we get 

C = l, C 2 = -\c. (A.6) 

References 

[1] M.A. Shifman, A.I. Vainstein, and V.I. Zakharov, Nucl.Phys. B147, 385 (1979); 448 (1979). 

[2] The following is an incomplete list: 

V.I. Zakharov, Nucl.Phys. B385, 452 (1992); 

L.S. Brown and L.G. Yaffe, Phys.Rev. D45, 398 (1992); 

M. Beneke and V.I. Zakharov, Phys.Rev.Lett. 69, 2472 (1992); 

G. Bugrio, F.Di Renzo, G. Marchesini, and E. Onofri, Phys.Lett. B422, 219 (1998); 

R. Akhoury and V.I. Zakharov, Phys.Lett. B438, 165 (1998); 

V.I. Zakharov, Prog.Theor.Phys.Suppl. 131, 107 (1998); 

K.G. Chetirkin, S. Narison, and V.I. Zakharov, Nucl.Phys. B550, 353 (1999); 

F.V. Gubarev and V.I. Zakharov, Phys.Lett. B501, 28 (2001); 

L. Stodolsky, P. van Baal, and V.I. Zakharov, Phys.Lett. B552, 214 (2003). 



[3] 
W 
[5 



[6] 
[7] 
[8 
[9 
[10 

[11 
[12 

[13 

[14 



S. Narison, Phys.Lett. B300, 293 (1993). 

J. Erlich, E. Katz, T.D. Son, and M.A. Stephanov, Phys.Rev.Lett. 95, 261602 (2005). 

J. Hirn, N. Ruis, and V. Sanz, Geometric approach to condensates in holographic QCD, 
|hep-ph/0512240| 

J. Erlich, G. Kribs, and I. Low, Emerging Holography, hep-th/0602110 



J. Polchinski and M. Strassler, Phys.Rev.Lett. 88, 031601 (2002). 
O. Andreev, Phys.Rev.D73, 046010 (2006). 

D. Friedan, E. Martinec, and S. Shenker, Nucl.Phys. B271, 93 (1986). 

S. Eidelman et al [Particle Data Group Collaboration], Phys.Lett. B592, 1 (2004). 

A. Karch, E. Katz, D.T. Son, and M.A. Stephanov, Linear Confinement and AdS/QCD, 
hep-ph/0602229 

O. Andreev, Phys.Rev. D70, 027901 (2004). 

O.D. Andreev and AA. Tseytlin, Nucl.Phys. B311, 205 (1988). 

I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products, Academic Press, 1994. 
S. Mandelstam, Phys.Rev. 166, 1539 (1968); 

M. Ademollo, G. Veneziano, and S. Weinberg, Phys.Rev.Lett. 22, 83 (1969). 



[15] See the discussion of V.I. Zakharov (1998) in [2]. 



6 



